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1 Preliminaries and Introduction

Our setting is Bishop’s constructive mathematics (in the sense of [1], [2] and
[6]), mathematics developed with Constructive Logic (or Intuitionistic Logic
([11])) - logic without the Law of Excluded Middle PV —P. We have to note
that 'the crazy axiom’ =P = (P = ()) is included in Constructive Logic.
Precisely, in Constructive logic the 'Double Negation Law’ P <= ——=P does
not hold but the following implication P = ——P holds even in Minimal
Logic. In Constructive Logic "Weak Law of Excluded Middle’ =P V ——P
does not hold, too. It is interesting that in Constructive logic the following
deduction principle AV B,—A + B holds, but we are not able to prove it
without 'the crazy axiom’.

Any notion in Bishop’s constructive mathematics has positively defined
symmetrical pair since Law of Excluded Middle does not hold in Constructive
Logic. Our intention is development of these symmetrical notions and investi-
gate their compatibility with so-called the 'first notions’ in Semigroup Theory.
As the first, semigroup is equipped with diversity relation compatible with the
equality, and, the second, the semigroup internal operation is total extensional
and strongly extensional mapping.

Let (S,=,#) be a set (in the sense of [1], [2], and [6]), where " = " is
an equality and 7 # 7 is a binary relation on S which satisfies the following
properties:

(z#r),r#y=y#r,ctyhy=2z=1=z,

called diversity relation on S. Following Heyting, if the relation satisfies the
following implication

v#z= (VeSS z#yVy#2),

we say that it is an apartness. Let Y be a subset of S and let x € S.
Following Bridges, by = >1 Y we denote (Vy € Y)(y # x) and by Y we denote
the subset x € S : x 1Y - the strong complement of Y in S ([11]). The subset
Y of S is strongly extensional ([11]) in Sifand onlyify € Y = y £ xVz € Y.

Let S be a set with apartness and let a and (3 be relations on S. The filed
product ([7-10]) of a and 3 is the relation defined by f*xa = {(x,2) € S x S :
(Vy € S)((z,y) € aV (y,2) € B)}. Forn > 2, let " = a * * v (n factors).
Put 'a = a. By ¢(a), we denote the intersection ¢(a) = N”cya . The relation
c(a) is a cotransitive relation on S, by Theorem 0.4 of [9], called cotransitive
internal fulfillment of the relation .

A relation g on S is a coequality relation on S (][9], [10]) if and only if

q (consistensy), ¢~ = ¢ (symmetry) and g C ¢ * ¢ (cotransitivity).



Band anticongruence of ordered semigroups 3

In this case we can construct the following factor set S/q = {aq : a € S}
with:
aq =1 bq <= (a,b) > q,aq #1 bg <= (a,b) € q.

Let S = (S,=,#,-) be a semigroup with apartness and the semigroup
operation being strongly extensional in the following sense

(Va,b,x,y € S)((ay # by = a # b) A (za # xb = a = D)).

Recall that a semigroup S is called band if a®> = a, for all a € S. A subset
T of S is a completely prime subset of S ([3]) if and only if

(Vz,y € S)(zyinlT = xe€TVyeT).

Let ¢ be a coequality relation on semigroup S. For ¢ we say that it is
anti-congruence on S ([9], [10]) if and only if

(Va,b,z,y € S)((az,by) € g = (a,b) € ¢V (z,y) € q).

This is equivalent with the following:

(Vu, z,y € S)((uz,uy) € ¢ = (a,b) € q) A ((vu,yu) € ¢ = (z,y) € q)).

If ¢ is anti-congruence on semigroup S, then the strong complement ¢ of
q is a congruence on the semigroup S compatible with ¢g. (For equality e and
coequality ¢ on a semigroup S we say that they are compatible if and only if
qoe C g and eogq C ¢.) We can construct semigroups S/(¢%,q) = {aq® : a € S}
and S/q with

aq® =1 bg®(a,b) > q,aq” #1 bg® <= (a,b) € q,aq” - bg® = (ab)q°.

aq =1 bq <= (a,b) >4 q,aq #1 bg <= (a,b) € ¢, aq - bg = (ab)q.

It is easy to establish the fact: S/(¢C,q) = S/q.

There is a very interesting property of coequality relation on semigroup S
with apartness ([10], Theorem 5): Let g be a coequality relation on a semi-
group S with apartness. Then the relation ¢* = {(z,y) € S x S : (Ja,b €
SH((axb,ayb)q)} is an anti-congruence on S and it is minimal extension of g.
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Let us recall some standard notions and notations about relations and
mappings: For relation § C S x S we say ([8]) that it is an anti-order relation
on semigroup S if and only if:

0 C#,£C 0 U 0 Y(linearity),0 C 0 x 0
and compatible with the semigroup operation:
(Va,b,z,y € S)(((ay,by) € 0 = (a,b) € 0) A ((za,xb) € 0 = (a,b) € 0)).

Relations < and 6 are compatible if and only if —(z < y Axfy). A mapping
¢ : S — T must be strongly extensional: (Vz,2' € S)(p(x) #7 ¢(2') =
x #g @'); ¢ is an embedding if and only if (Vz,2’ € S)(z #s v/ = p(z) #r
o). If ¢ : § — T is a strongly extensional mapping between sets with
apartnesses, then the sets Kerp = {(z,2') € S x S : p(z) =r ¢(2')} and
Anti — kerp = {(z,2") € S x S : p(x) #r p(a')} are compatible equality an
coequality relation on S. Also, for the mapping f : (5, <,0) — (T, <,0) we
say that it is order isotone if x <y = f(x) < f(y) holds; f is order reverse
isotone if f(x) < f(y) = x < y; f is anti-order isotone if x0y = f(x)O f(y)
holds; f is anti-order reverse isotone if f(x)© f(y) = 20y holds.

Example: Let T be a subset of a semigroup S. Then:

(1) The relation g on S defined by (a,b) € Q < (Iz,yS")((zay € T A
xby > T) V (xby € T A zay > T)) is an anti-congruence on S.

(2) For a subset T' of a semigroup S we say that it is a consistent subset
of S if and only if (Vz,y € S)(ay € T = x € T Ay € T) holds. If T is a
consistent subset of S, then the relation ¢ on S, defined by (a,b) € ¢ <= a #
bA(aeTVbeT),isan anti-congruence on S.

Semigroups with apartnesses were defined and studied for the first time by
A.Heyting. P.T.Johnstone, J.C.Mulvey, F.Richman, R.Mines, D.A.Romano,
W.Ruitenburg, A.S.Troelstra and D.van Dalen also have some results in this
field. There are more general problems on semigroup with apartness in Con-
structive Algebra. In this paper we give a construction of a coequality relation
q on an ordered semigroup (S, =, #, -, <,0) with apartness under a pair of an
order ”<” and an anti-order ”#” relations such that ¢ is a band anti-congruence
on ordered semigroup S. (Definition of band anti-congruence on semigroup S
ordered under a pair of relations is given below.)

For undefined notions and notations of Semigroup Theory we refer to [3],
[4] and of items in Constructive Mathematics we refer to [1-2], [6] and [11] and
to [8-10].

Lemma 0 ([3], Theorem 1.24) The following conditions for a semigroup S
are equivalent:
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(1) (Va,b € S)((a,ab) =g A (a,ba) > q);
(2) (Va,b € S)((a, aba) q);
(3) (Va,b,c € S)((a,a?) =1 q A (abe, ac) < q).

We have the following:
Lemma 1: Relation 6 on band S, defined by
(a,b) <= a # abV a # ba

is an anti-order relation on S.
Proof: a #b=a# abVab#b
= (a,b) € 0V (b,a) € 6;
(a,c)€6’<:>a7éac\/a7éca
(a # abV ab # abe V abc # ac) V (a # ba V ba # cba V cba # ca)
(@£ abVb#bcVab#a)V(a#baVb#cbVch#c)
= (a,b) €0V (b,c) € 6;
(a, b)€9<:>a7éab\/a7éba
—a#a’Va>#abVa#a2Va2#ba
= a#b O

—
—

So, band S is supplied with compatible pair of relations: order ”<” and
anti-order 70”7 defined by x < y iff x = zy = yx, and x0y iff x # zy or x # yx,
for every z,y in S. Let us note that if (S, =, #) is a band, then (S, =, #, -, <,0)
is not an ordered semigroup, in general (unless in the special case when the
multiplication on S is commutative).

If ¢© is a band congruence on semigroup S = (S, =, #, ), i.e. if

(Va € S)((a,a”) = q),

then we say that ¢ is a band anti-congruence on S. If ¢ is a left zero
and right zero band congruence on S ([3] [4]), i.e. if (Va,b € S)((a,ab) <
q A (a,ba) < q) we say that ¢ is a rectangular band anti-congruence on S.

If (S,=,#,+, <) is an ordered semigroup and H C S, we denote by (H| the
subset of S defined by (H| ={t€ S:(3h € H)(t < h)}.

Now, following the classical definition in [5], we will define band anti-
congruence on semigroup (S, =,#,-, <,0) ordered under a pair of (compati-
ble) order ”<” and anti-order relation ”76”: An anti-congruence ¢ on ordered
semigroup (S, =, #,-,<,0) is a band anti-congruence on S if and only if

a < b= (a,ab) < q A (a,ba) < g,
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and

(a,ab) € qV (a,ba) € ¢ = (a,b) € 0.

As it is easily seen, our definition is different from the classical definition
given in [5], because we are in Constructive mathematics and, besides, must
be some connection between anti-congruence and anti-order relation in such a
semigroup.

2 The Main Results

In the first result we describe classes of a band anti-congruence g on an ordered
semigroup:

Theorem 2 Let (S,=,#,-,<,0) be an ordered semigroup and q a band
anti-congruence on S. Then we have the following:

(1) (Vo € S)((z,2*) g A (2%, 2) < q).

(2) S/q is a band.

(3) The class xq, generated by the element x of S, is a strongly extensional
completely prime proper subset of S for all x in S.

(4) If z <y, then (zy,yz) X q.

(5) The natural epimorphism w: S — S/q is order isotone and anti-order
reverse isotone homomorphism.

(6) txxg ANy € S = ((ty>axq Aytaxq) Vthy).

Proof:

(1) (Vz € S)((z,2%) 1 g A (22, 2) < q) and (Vo € S)(xzq - xq =1 zq). In
fact: If z € S, then x < z, and (z, 2%) < ¢. Since ¢ is symmetric, we also have
(22, z) > q. Therefore, immediately, (Vz € S)(2%q = zq) holds.

(2) S/q is a band. Indeed, as we have already seen, (S/q,=1,#1,") is a
semigroup, and by (1), it is a band.

(3) The class zq, generated by the element = of S, is a strongly extensional
completely prime right subset of S for all x in S. Indeed, let x € S. Clearly,
xq C S because ¥ <1 xq. Let uv € xq. Then, (z,uv) € q. Thus, (z,2?) € ¢
or (% uv) € q. Since the case (x,x?) € ¢ is impossible, we have (x,u) € q or
(x,v) € q, because ¢ is an anti-congruence on S.

(4) If x < y, then (zy,yz) > ¢ . Let x < y. Since ¢ is a band anti-
congruence on S, we have (z,zy) < ¢ and (z,yx) < q. Let (u,v) be an
arbitrary element of ¢. Then (u,zy) € q or (zy,z) € q or (x,yx) € q or
(yr,v) € q. Hence, u # ab or ba # v, because the cases (zy,z) € ¢ and
(x,yx) € q are impossible. So, (u,v) # (zy,yx).
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(5) If ¢ is a band anti-congruence on ordered semigroup (S, =, #,-, <,0)
then, as we have already seen, (S/q,=1,#1,-) is a band. So, the set S/q, with
the relations ”<;” and ”6,” on S/q defined by:

rq <1 Yq <= xq =1 £q N\ yqrq =1 Yq - 24,

rqb1yq < xq #1 2q - yq vV Tq #1 Yq - 24,

is ordered set under compatible order and anti-order relation. Moreover,
since ¢ is a band anti-congruence, we have
<y = (z,2y) Mg A (z,yz) > q

> Tq =1 TYq N\ rq =1 YyIrq

— rq <1 Yq;
rqbhyq <= xq #1 xq-yqV xq #1 yq - xq

= (z,2y) €qV (z,yz) €¢

= 20y.

Therefore, the natural epimorphism 7 : S — S/q is order isotone and
anti-order reverse isotone homomorphism.

(6) txazqgNhy € S = ((ty > xzq Ayt > xq) V t0y). In fact: Let u be
an arbitrary element of xq. Then (u,x) € ¢. Thus (u,ty) € q or (ty,t) € q
or (t,x) € q. Hence, u # ty or thy, because (t,x) € ¢ is impossible. So, the
implication

txizqg ANy €S = (ty =< xqV tly)

holds. Analogously we show the implication t < xzg Ay € S = (yt
xq) Vtby). O

The following theorem is the main result of our paper:

Theorem 3 Let (S,=,#,-,<,0) be an ordered semigroup. The following
are equivalent:

(1) There exists a band anti-congruence on S.

(2) There exists a band (B,=1,%#1,0,<1,61) and a mapping 7 : S — B
which is strongly extensional order isotone and anti-order reverse isotone sur-
jective homomorphism such that 7= (a) is a strongly extensional subsemigroup
of S and the following implicationt € m~(a) ANy € S = ((ty € 7' (a) ANyt €
7~ a)) V t0y) holds for every a € B.
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(3) There exists a band (B,=1,#,0) and a family ® = {S, : b € B} of
strongly extensional subsemigroups of S, such that
(3.1) S, NSy, =0 for all a,b € B, a #1 b;

(1) = (2). Let ¢ be a band anti-congruence on S. Then the class aq = xq,
generated by element x, is a strongly extensional completely prime subset of
S. As we have already seen (S/q,=1,#1,0,<1,6;) is a band. We consider
the mapping 7 : S — S/q by 7m(x) = xq. The mapping 7 is a strongly
extensional homomorphism. Indeed, if x,y € S, then 7(zy) = (zy)g =
xqoyq = w(z)or(y). Since ¢ is a band anti-congruence on S then: if z <
y, then xq <y yq and if xqfyq then xfy hold. The mapping 7 is clearly
onto. Therefore,r is a strongly extensional order isotone and anti-order reverse
isotone surjective homomorphism. Let now z € S. Suppose that t € 7! (zq),
i.e. suppose that 7(t) =; tqg =1 xq. Thus, ¢t > zq holds. Opposite, let s > zq.
Then sq =1 xq, i.e. m(s) =1 sq = ¥q. So, s € 7 1(xq). Also, 77 (zq) = (zq)°
is a subsemigroup of S. The following implication

ten Yaq) Ny € S = ((tyr *(aq) ANyt € 7~ (aq)) V toy)

holds for every a € B. To prove that, let t € 7 *(aq) Ay € S. Then
t € 7 Yaq)) = (aq)® and y € S. Let u be an arbitrary element of aqg. Then
(u,a) € q. Thus (u,ty) € q or (ty,t) € q or (t,a) € q. Hence, u # ty or
ty, because (t,a) € ¢ is impossible. Analogously we show the implication
tiag Ny € S = (yt =aq) V t0y).

(2) = (3). Let (B,=,#,0,<1,601) be a band and f : S — B be a
homomorphism such that f~!(b) is a subsemigroup of S for every b € B. For
each b € B, we put S, = f~1(b). Then we have the following:

(i) Let a,b € B, a # b. Then f~'(a)N f71(b) = 0. Indeed: If t €
f~Ya) N f71(b), then f(t) = a, f(t) = b, so a = b which is impossible.

(ii) S = UaepSa. Obviously, if a € B, then a C B, so f~!(a) C S for every
a € B, and UyepS, € S. Let now z € S. Then, for the element a = f(z) € B,
we have € f~!(a). Soz € f~Ha) =S C UepSs.

(iii) Let a,b € B. Then f~'(a)f~'(b) C f~'(aob). Indeed, let zy €
f (a)f(b), where z € f~'(a), y € f7*(b). Since f is a homomorphism,
we have f(zy) = f(z)of(y) = aob, so zy € f~'(aob).

(iv) Let a,b € B such that S, N (Sb] # 0. Then, a <; b holds. Indeed, let
x € San(Sb]. Since z € S, = f~*(a), we have f(x) = a. Since x € (Sb], there
exists y € Sb such that x < y. Since y € S, = f~1(b), we have f(y) =b. On
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the other hand, since z < y and f is order isotone homomorphism, we have
f(z) <1 f(y). Therefore, a <; b.

(V)teS5AnyeS = ((ty € Sy ANyt € Sp) V thy) for every b € S. In fact:
Let t € S, = f~1(b) Ay € S. By (2), we have

term ' b)AyeS = ((ty e 7 *(b) Ayt € 7 (b)) V thy)

i.e. we have

te S NyesS = (tyc S, Ayt € Sy) V thy.

(3) = (1). Define a relation ¢ on S in the following way:

o={(z,y) € SxS:(Jae B)(ye€ SaNhzeS,)}

Then we have:

(I)o is a band congruence on S. In fact,

If x € S(= UaepS,), then there exists a € B such that = € S,, thus
(z,x) € 0.

The relation o is clearly symmetric.

Let (z,y) € o and (y,z) € o. Then there exists a € B such that z €
S, Ny € S, and b € B such that y € Sy Az € S,. Then, y € S, N S,. Thus, we
have S, NSy # () and, it has to be S, = S, . So, z € S, Ay € S,. Therefore,
we have (z,z) € 0.

Let (x,y) € o and let z be an arbitrary element of S. Then, (zz,yz) € 0.
Indeed, since (x,y) € o, there exists a € B such that z € S, Ay € S,.
Since z € S, we have z € S, for some b € B. By hypothesis, we have
2z € SuSp C Spop , Y2 € SySp C Saop - Thus, (x2,yz2) € 0.

In a similar way we prove that o is a left congruence on S.

Let x < y. Then (z,zy) € o and (z,yx) € o. Indeed, since x € S, there
exists a € B such that z € S,. Since y € S, there exists b € B such that y € ..
Since x € S Az <y € S, we have x € (Sb]. Hence, we have x € S, N (Sy].

Then, by (3.4), we get a <; bi.e. a = aob = boa. By (3.3), we have zy €
SaSp € Saop = Sy and yx € SpS, C Spog = S,. Since z € S, Azy € S,(a € B),
we have (x,zy) € 0. Also, xz € S, Ayx € S,(a € B), imply (z,yx) € o.

Therefore, the relation ¢ is a band congruence on S.

(II) Let © € S. Then zo is a subsemigroup of S. In fact; let z € S, for
some a € B. We have zo = S,. Indeed: Let y € xzo. Since (y,z) € o, there
exists b € B such that y € S, Ax € Sp. Then x € S, N S,. Thus, we have
Sy =8S,,a=0>b,and y € S,. Opposite, let y € S,. Since x € S, ANy € S,
where a € B, we have (z,y) € 0. Then y € yo = x0.

(I1I) By [7], the relation ¢ = ¢(c“) = N7 y(c¢) is a maximal coequality
relation on semigroup S compatible with ¢ . Further on:
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(i) Let # <y and let (u,v) be an arbitrary element of ¢g. Then (u,x) € ¢
or (x,zy) € qor (zy,v) € q and (u,z) € q or (z,yx) € q or (yz,v) € ¢ . Thus,
(u,v) # (x,zy) and (u,v) # (z,yx) because (x,xy) € q and (x,yz) € q are
impossible by (I). So, (z,zy) > ¢ and (z,yx) > gq.

(ii) Let x,y be arbitrary elements of S such that (z,zy) € ¢q. Then there
exists a in B such that € S, . Thus, by (3.5), we have z € S,Ay € S = zy €
SaVaby. If xzy € S, , then (z,zy) € 0. So, we have zfy because the first case
is impossible. Analogously, we have that the implication (x,yzr) € ¢ = x0y
holds.

(iii) Let (uz,uy) € ¢ and let (s,t) be an arbitrary element of ¢ . Then
(us,ut) € o since o is a congruence. Thus (uz,uy) € ¢ = (ux,us) € qV
(us,ut) € qV(ut,uy) € ¢ = ux # usV(us,ut) € gVut # uy = = # sVt £y
(because —((us, ut) € o A (us,ut) € q)) = (z,y) # (s,t) € 0.

Therefore, we have the implication
(uz,uy) € g = (z,y) <o .

Let n be a natural number and suppose that the implication
(uz,uy) € g = (z,y) €" o

holds. If (r,t) is an arbitrary element of "o = o %" o | i.e. if

(Vs € S)((r,s) € oV (s,t) €" o),

then (Vs € S)((ur,us) € oV (us,ut) €” o) and we have
(uz,uy) € g = (Vs € S)((uz,ur) € qV (ur,us) € qV (us,ut) € qV (ut,uy) €
q) = ux £ urV (¥s € S)((r,s) oV (s,t) <" o) Vut # uy = (v,y) #
(r,t) el o

because the second case is impossible. So, by induction, the formula (Vn €
N)((uz,uy) € ¢ = (x,y) <" o) is valid. Thus, the implication (uz,uy) €
q = (z,y) € M"cx(09) = ¢ holds. For another implication (zu,yu) € ¢ =>
(x,y) € q the proof is analogous. Therefore, the relation ¢ is a band anti-
congruence on anti-ordered semigroup S. [
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